We introduce the conditional Site Frequency Spectrum (SFS) for a genomic region linked to a focal mutation of known frequency. An exact expression for its expected value is provided for the neutral model without recombination. Its relation with the expected SFS for two sites, 2-SFS, is discussed.
It was shown that, once the SFS under an alternative scenario (e.g. selection, mutations were expressed by Hobolth and Wiuf [33] [34, 35] for the Kingman coalescent and general allelic transition matrices.
80
More recently, Sargsyan [36] generalized the result of [33] by conditioning on 81 any two mutations (nested or not) and extending it to populations of variable 82 size. Moreover, he clarified the notion and classification of the 2-SFS.
83
In this work, we review and present in its simplest possible form the Finally, as an application, we present a recipe to build a class of SFS- 
102
Model definition and notation
103
We consider a population of N haploid individuals without recombina- the sequences in the sample or in the whole population. We use mutation as 113 a synonym for derived allele.
114
Connection between sample and population SFS
115
We denote by ξ(f ) the density of mutations at frequency f in the whole 116 population and by ξ k the number of mutations at frequency k/n in a sample 117 of size n. Importantly, in both cases f or k refer to the frequency of the 118 mutation, i.e. of the derived allele, and thus ξ corresponds to the unfolded 119 SFS.
120
The two spectra (sample and population) are related. Assuming that 121 a mutation has frequency f in the population, the probability of having k mutant alleles in a random sample of size n is simply given by the Binomial
As the expected density of mutations at fixed frequency f in 124 the population is given by E[ξ(f )], one can easily derive the sample frequency 125 from the population frequency using the following sampling formula:
assuming that n N .
127
Conversely, the population SFS can be derived from the sample SFS 128 using the limit of large sample size n → ∞. For a sample of n individuals,
129
the interval between the frequency bins is 1/n and therefore the density of 130 mutations at the continuous frequency f = k/n can be approximated 1 by
. The expected population spectrum can then be 132 constructed from the limit:
for frequencies not too close to
134
For a sample of size n, the expected neutral spectrum for constant popu- together. We will slightly abuse the notation and switch between number and 142 density of mutations, or probability and probability density.
143
Conditional 1-SFS and joint 2-SFS
144
In the following, we will use two related but different kinds of spectra.
145
The first kind is the joint 2-SFS of two bi-allelic sites. It is denoted 146 ξ(f 1 , f 2 ) for the population and ξ k,l for the sample. It is defined as the density
147
of pairs of sites with mutation frequencies at f 1 and f 2 for the population
148
(resp. k/n and l/n for the sample). This is a natural generalization of is the expected density of pairs of sites that harbor mutations with frequencies 152 f 1 and f 2 ; (b) for two randomly chosen linked polymorphic sites, it is the 153 probability density that they contain mutations with frequencies f 1 and f 2 .
154
Here we always consider unordered pairs of sites (the ordered case is discussed 155 in section S2).
156
The second kind of spectrum is a conditional 1-SFS, a frequency spectrum 157 of sites that are linked to a focal mutation of frequency f 0 . It is denoted 158 ξ(f |f 0 ) for the population and ξ k|l for the sample. Again, this spectrum 159 represents both (a) the expected density of single-site mutations of frequency 160 f in a locus linked to a focal neutral mutation of frequency f 0 and (b) the 161 probability density that a randomly chosen site (linked to the focal site) hosts 162 a mutation at frequency f .
163
Note that despite the similarity in notation, the two spectra ξ(f, f 0 ) and
The difference is the same as the one between the joint 165 probability p(f, f 0 ) that two sites x and x 0 have mutations of frequency f and f 0 respectively, and the conditional probability p(f |f 0 ) that a mutation
167
at site x has frequency f given that there is a mutation of frequency f 0 at a 168 focal linked site x 0 . Furthermore, the joint spectrum ξ(f, f 0 ) refers to pairs 169 of sites -i.e. it is a 2-SFS -while the spectrum of linked sites ξ(f |f 0 ) is a 170 single-site SFS.
171
The relation between both types of spectra can be understood from the 
where δ x,y is 1 if x = y, and 0 otherwise. Note that x and y can be either discrete or continuous variables.
186
By definition, the 2-SFS includes only pairs of sites that are both poly- morphic sites, the number of pairs of sites for which only one of the two is
for small θ. 
It is noteworthy to mention that the overall spectrum is not sufficient
202
to provide a full description of the genetic state of the two sites, while the these two components constitute the core of the two-loci SFS.
217
Without recombination, the conditional 1-SFS ξ(f |f 0 ) can be also de-
218
composed further 2 into different subspectra. They are illustrated in Figure   219 1:
220
• ξ (sn) (f |f 0 ) : strictly nested mutations, where the mutation is carried 221 only by a subset of individuals with the focal mutation;
222
• ξ (co) (f |f 0 ) : co-occurring mutations, where both mutations are carried 223 by the same individuals; 224 2 We subdivide the "strictly nested" mutations of [36] into strictly nested and enclosing mutations while we refer to "identical" mutations as co-occurring.
• ξ (en) (f |f 0 ) : enclosing mutations, where only a subset of individuals 225 with the mutation also carry the focal one;
226
• ξ (cm) (f |f 0 ) : complementary mutations, where each individual has ex-227 actly one of the two mutations;
228
• ξ (sd) (f |f 0 ) : strictly disjoint mutations, where the mutation is carried 229 by a subset of the individuals without the focal one.
230
Importantly, without recombination, enclosing and complementary mu-
231
tations cannot be present together in the same sequence, as both types of 232 branches are exclusive in a single tree.
233
With the above definition and using the rules of conditional probabili-
and the interpretations discussed in the previous section, the relations between the two sets of population subspectra are:
Similarly, for sample spectra, we have
The joint and conditional SFS

234
In this section, we present the conditional and joint spectra for the sample 
237
The folded version of the 2-SFS is provided in Appendix A. 
As shown by equation (6), the full spectrum is simply the sum of the two 241 above equations. Similarly, the 2-SFS for the whole population is given by the combination of the two following equations:
Here, we denote by δ(f − f 0 ) the density of the Dirac delta distribution
The sample conditional 1-SFS
248
The conditional 1-SFS for sites that are linked to a focal mutation of count l is simply the sum of all its components, given by the following equations: For the whole population, the expected linked SFS becomes:
Shape of the SFS
253
We report the full joint 2-SFS as well as the nested and disjoint compo- 
276
The difference between the two illustrates how the spectrum is skewed to- 
where both the null spectrum ξ .
321
The definition of the test requires that the null spectrum and the variance 322 are conditioned on the presence of the marker φ. For the neutral spectrum,
323
it is simply the sum of the expected nested and disjoint spectra presented in 324 equations 14:
On the other hand, the variance can be decomposed as
where the θ contribution corresponds to the 
The test can then be built by putting together the results from the last 327 section and an estimation of θ and θ 2 . The Maximum Composite Likelihood 328 estimate can be used:
or the Method-of-Moments estimates as in the classical Tajima's D:
The choice of weights for new tests of this form is someway arbitrary.
331
For example, a modified version of Tajima's D could use the old weights, i.e. 
339
This straightforward modification of neutrality tests is a promising di-340 rection for future dedicated neutrality tests that aim at correcting multiple 341 artefacts such as demography, knowledge of the frequency of the marker, etc.
Methods
The sample joint 2-SFS
344
To obtain the sample spectrum for pairs of mutations, we notice that this 345 spectrum can be defined in terms of the expected value of crossproducts of 346 the usual SFS. In detail, we have
and The same results could also be obtained from Theorem 5.1 in Jenkins and
361
Song [34] . In fact, for a special choice of allele transition matrices (in the tri- 
The sample conditional 1-SFS
371
The spectrum for sites linked to a focal mutation of count l (equation 13)
372
can be obtained from the previous spectrum (11). The first step is simply 373 to condition on the frequency l/n of the focal mutation, i.e. dividing the
following equations (9) and (10). In fact,
where c(x) is the derived allele count at site x.
377
The second step is to break further the two contributions of the result- 
Population spectra
386
In the limit of large samples, the frequency spectra converge to the con-387 tinuous SFS for infinite populations. However, the limit n → ∞ should 388 be taken with care. The easiest derivation proceeds as follows: since the conditional 1-SFS (eq 14) is a single-locus spectrum, its population compo-390 nents can be obtained from the corresponding ones for finite samples (eq.
391
13) by direct application of the equation (2). Then the population 2-SFS
392
(eq 12) can be reconstructed from equations (7) and (8) 
405
The analytical expressions provided in this paper can be intuitively un- 
428
The effect is even stronger for high frequency mutations, which reside only 429 in the uppermost branches, implying highly unbalanced trees.
430
There are several potential applications of these results. Here we discuss 
445
The spectrum could also be useful for new neutrality tests based on link- The SFS presented here is the simplest two-locus spectrum for neutral, 461 non-recombining mutations in a population of constant size. These results
462
could be extended to variable population size using the approach of [9, 34] and to mutations in rapidly adapting populations using the Λ-coalescent ap- This would be a promising development for future investigations.
474
The classical correspondence between the Kingman model in the large 
while the disjoint component for f = 1 − f 0 is a stationary solution of the 481 diffusion equation of three alleles of frequency f , f 0 and 1 − f 0 − f :
The correspondence implies that the solution (12) 
646
Following the same idea, we define a conditional folded 1-SFS and a joint 647 folded 2-SFS using the minor allele frequencies. Minor alleles can also be 648 classified as "nested" or "disjoint" depending on the presence or absence 
